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1. Introduction

The nonabelian tensor square G ® G of a group G is the group generated by the symbols
g ® h, where g, h € G, subject to the relations

99' @h= (g’ ®%h)(g®@h) and g@hh' =(geh)("g"h),

for all g,g',h,h’ € G, where 9¢' denotes the conjugation action gg’g~!.

A group is 2-Engel if it satisfies the left normed commutator law [z, y, y]. The purpose
of this paper is to compute the nonabelian tensor square of the free 2-Engel group of
rank n for each n > 3. By computing the tensor square of a group G, we mean finding a
simplified and standard presentation for G ® G.

The nonabelian tensor square has its roots in algebraic K-theory [9] as well as in
topology [7], [8]. This group construction was first investigated from a purely group
theoretic perspective in the seminal paper by R. Brown, D. Johnson, and E. Robertson
[6] in which they compute G ® G for all groups of order up to thirty. Subsequent papers
investigate explicit descriptions of the nonabelian tensor square for particular groups; for
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nilpotent of class 2 groups see [1], [3], [2], [13], [16], for metacyclic groups see [14], [5],
and for linear groups see [12]. A recent survey article on the nonabelian tensor squares
and the more general nonabelian tensor products of groups can be found in [15].

In [1] and [2] the nonabelian tensor squares of nilpotent of class 2 groups were inves-
tigated. The nonabelian tensor square of the free nilpotent group of class 2 and rank 2,
which is exactly the free 2-Engel group of rank 2, was shown to be free abelian of rank
6. The nonabelian tensor square of the free 2-Engel group of rank 3 was computed in [4];
it is the direct product of a free abelian group of rank 11, and a nilpotent group of class
2.

Since 2-Engel groups are metabelian, the following proposition from [4] shows that
their tensor squares are abelian or nilpotent of class 2.

Proposition 1.1. Let G be a group. If the derived subgroup G’ is nilpotent of class
cl(G’), then G ® G is nilpotent with class equal to cl(G') or cl(G') + 1.

In light of Proposition 1.1 and the fact that the tensor square of the free 2-Engel group
of rank 3 is not abelian [4], we conclude that the tensor squares of the free 2-Engel groups
of rank n > 3 are nilpotent of class 2.

Our method for computing nonabelian tensor squares uses the concept of a crossed
pairing.

Definition 1.2. Let G and L be groups. A function ® : G x G — L is called a crossed
pairing if
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for all g,¢9’, 9" € G.
The following proposition allows us to determine homomorphic images of G ® G.

Proposition 1.3 ([8]). A crossed pairing ® : G x G — L determines a unique homo-
morphism of groups ®* : G ® G — L such that ®*(g ® ¢') = ®(g,¢’) for all g, ¢’ in
G.

To compute the nonabelian tensor square of a group G, we first conjecture a group
L and find a crossed pairing ® : G x G — L. We then show that the homomorphism
induced by the crossed pairing is actually an isomorphism and hence G ® G = L.

In the case of computing the tensor square for the free 2-Engel groups, we were guided
in our conjecture of L by computing the tensor square of a finite homomorphic image of
these groups, namely, the Burnside groups of rank n and exponent 3 for n =4, 5 and 6.
These computations where performed using methods developed in [10] and implemented
in GAP [11]. We provide a more detailed outline of our computational method in Section
3.

Our main result is the following:
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Theorem 1.4. The nonabelian tensor square of the free 2-Engel group of rank n > 2

is a direct product of a free abelian group of rank @ and an n(n — 1)-generated

nilpotent group of class 2 whose derived subgroup has exponent 3.

Corollary 1.5. The nonabelian tensor square of the Burnside group of rank n > 2
2
and exponent 3 is a direct product of an elementary abelian 3-group of rank w and
an n(n — 1)-generated nilpotent group of class 2 having exponent 3.

In the next section we record various results needed to compute the nonabelian tensor
square for 2-Engel groups. We prove Theorem 1.4 and Corollary 1.5 in Section 3.

2. Preliminary results

The following familiar identities for 2-Engel groups are stated here without proof (see,
for example, [18]). Recall that any nilpotent group of class 2 is a 2-Engel group.

Lemma 2.1. Let G be a 2-Engel group. For x,y, z,w € G and n € Z we have

[w7yusz] = [:c,y,z]?’ =1 (21)
[x,y,z] = [vaay] = [:L’,Z,y]il; (2-2)
[I’yn] = [:Cnvy] = [:C’y]n (23)

Throughout the paper, let £ = £(n,2) denote the free 2-Engel group of rank n > 2
with a fixed ordering on its generators, which are labeled g1, gs, ..., gn. It follows from
Lemma 2.1 that any element g in £ can be written uniquely (with respect to the ordering
of the generators) as the product

n
=11 II losael® - TI lorgss0], (2.4)
i=1 1<j<k<n 1<r<s<t<n
where each a; and f; i is an integer and (by equation (2.1)) each ~, ; ; is an integer modulo
3. Since £/&2 is isomorphic to B(n, 3), the Burnside group of rank n and exponent 3, we
can also express each element of B(n,3) similarly, where each o; and §;; is now also an
integer modulo 3.

The following lemma provides formulas for multiplication and conjugation of arbitrary
elements in &£.

Lemma 2.2. Let g and ¢’ be elements of £, where g is defined in (2.4) and
ki ’
g=11e" 11 o I lorge 0], (2.5)
i=1 1<j<k<n 1<r<s<t<n

where each o and (3}, is an integer and each v, ,, is an integer modulo 3. Then the
product g - ¢’ can be written in the form

n
g-9=1[a" - I lopol - TI l9r9s 97, (2:6)
i=1

1<j<k<n 1<r<s<t<n
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where of = «a; + o, e = Bik t ﬁ;k — ajay, and
Vst = Vrst + Vs p T Bsp0y = Bracly + Brs0f — ahasay + apofor — aj oy mod 3.

Left conjugation of ¢’ by g is the product

n
i : i
99 =11 11 lowol™ - TI  lor 9597, (2.7)
1=1

1<j<k<n 1<r<s<t<n
T T ’ / T A ’ / /
where oy = o, B =0 —ajont+ojay and vy, = vyt B0 — Breog + Brosag —
Qs+ ooy — gy — B o+ B o — B s — apasay + oo +aragay mod 3.
The following lemma states general properties for the nonabelian tensor square of any
group.
Lemma 2.3 ([6]). Let G be any group and z,v,y,z € G. Then in G ® G we have

rR1=1Qz=1g; (2.8)
[r@v,y® 2] = [z, 0] @y, 2],

where 1g denotes the identity element of G ® G.

Let each of g and ¢’ be either a generator or commutator of £. We define the weight
of an element g ® ¢’ of £ ® £ as the sum of the commutator weights of g and ¢’, where
a generator has weight 1. For example, the three variable element z ® [y, z] has weight
three while the three variable element x ® [z, y, 2] has weight four.

We list several identities used to express the elements of £RE in terms of the generators
91,92, - - -, gn of E. We start with two- and three-variable identities that hold in the tensor
square of a 2-Engel group and its subgroups. The proofs of these identities can be found
in [3] and [4].

Lemma 2.4. Let G be a nilpotent group of class at most 2. Then for x,y € G and
m,n € Z the following identity holds in G ® G:

"Ry = (2 ®y) ™" (y @ [r,y)"E) (@ ® [,y))"(3). (2.10)

Lemma 2.5. Let G be a 2-Engel group. Then for any x,y,z € G, the following
identities hold in G ® G:

(zely,2))(y @, 2))(z @ [2y]) = (v, 2] @ [z, 2])([y, 2] @ [, y]) ([, 2] @ [2,9]);  (211)
(gl ®@2)" = (g2l ®@2) = (2@ [y,2]) 7" = (2@ [z,9)]). (212)
The following lemma lists four-variable identities found in [4].

Lemma 2.6. Let G be a 2-Engel group. For x,y, z,v € G the following identities hold
inG®G:

['r7v] ® [y,Z] = ([x,v,y] ® Z)(y ® [Z‘,’U,Z]); (2'13)
([z, v, 9] ® 2)(y & [z, 0, 2])([y, 2, 2] @ V) (2 & [y, 2,0]) = 1. (2.14)
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The next lemma explicitly shows that all generators of £ ® £ involving five or more
variables equal the identity. Moreover, all generators of £ ® £ expressed in four variables
can be written as a product of weight four generators of a common form and have
exponent 3.

Lemma 2.7. Let G be a 2-Engel group. Then for any u,v,z,y,z € G, the following
hold in G ® G:

[u,v] ® 1,9, 2] = [2,9,2] @ [u,v] = 1g; (2.15)
([z,0] ® [y, 2])* = 1g; (2.16)
v® [z,y,2] = ([v,2] ® [y, 2]) ([, 9] @ [, 2]) 7 ([v, 2] @ [, 9)]). (2.17)

Proof. Substituting [u,v] for z, « for y, y for z, and z for v in (2.14) yields (2.15).
We note by (2.10) and (2.1) that for any v, z,y, 2z in G, (v®|[z,y,2])® =v®[z,y, 2]® =
v®1 = lg. Hence by (2.13) we have ([z,v] ® [y, 2])® = ([z,v,y] ®2)3(y @ [z,v,2])® = 1g,
and thus (2.16) holds.
To show (2.17) we first rearrange (2.13) using (2.12) as follows:
z2® [z,0,y] = (y ® [z, v, 2])([v, 2] @ [y, 2]). (2.18)
By interchanging v with y in (2.18), and using (2.2) and (2.12), we obtain
2@ [v,z,y] = (0@ [z,y, 2])([v, 2] © [z, y]). (2.19)
Now interchange (respectively) y with z and  with z in (2.19) to get
y®[v,z,2] = (v®[z,,2]) " ([v,9] © [z, 2]) (2.20)
and
@ vy, 2] = (v & [z,y,2])([v,2] @ [y, 2]). (2.21)
Also from (2.13), we have
[z, 0] @ [y, 2] = (2 @ [v,2,9])(y @ [, 0, 2]). (2.22)
Interchange x with z and y with v in (2.22), and use (2.2) and (2.12) to obtain
[z,0] @[y, 2] = (¢ @ [z, 9, 0]) (v @ [y, 2, 7). (2.23)

Note that the left sides of (2.22) and (2.23) are equal, so we may equate the right sides,
and, after applying (2.2) as needed, substitute the expressions on the right sides of (2.19),
(2.20), and (2.21). This gives

(v ® (2,9, 2)([v,2] @ [, y)) (v & [z, y, 2]) ([v, 9] @ [, 2]) 7" =

(0@ [z,y,2)  ([v,2] @ [y, 2]) " (v @ [, 9, 2]).
Hence
(v @ [z,y,2])? = ([v,2] @ [y, 2) " ([v, 9] © [, 2)) ([, 2] @ [, y]) 7"

Since (v ® [z,y,2])® = lg, we have (v ® [2,9,2])? = (v ® [z,y,2])"! and we arrive at
(2.17). O
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The following proposition is from [4]:

Proposition 2.8. For a 2-Engel group G the defining relations of G ® G reduce to
xy®z=(x®[y,2])(y®2)(zr® z); (2.24)
t®yz=([z,2]9y)(z@y)(r® 2). (2.25)

We generalize Proposition 2.8 in two steps. We first show the following;:

Proposition 2.9. Let G be a 2-Engel group. Let x4, ...,x, € G. Let b be an element
of the derived subgroup of G. Then for n > 2,

n k-1 n
<H :cz> ®b= H H z; ® [xg, b H x; ®b), (2.26)

k=2 j=1

and

n n k-1 n
b® <Hx> = [T ITzx bl @) [0 @ 22). (2.27)

k=2 j=1 ie

Proof. We induct on n. Consider equation (2.26). Let z1, 22 € G and let b lie in the
derived subgroup of G. By Proposition 2.8 and equation (2.9) we have

T1T2 & b= (1’1 & [xQ,b])(.TQ ® b)(l’l ® b) = ((El & [$2,bD((E1 & b)(l’g & b),

which has the form of (2.26) for n = 2.
Suppose now that equation (2.26) holds for some n > 2. Fori =1,...,n+1,let z; € G.
Let b be an element of the derived subgroup of G. Then by Proposition 2.8 we have

<nl_i[11 xi> ®b= <<H x) [Znt1, ]) Tny1 @ D) ((H x) ®b> (2.28)

n

Since [®p+1,0] is in the center of G, the factor ((H xl) ® [Tnt1, b]) of (2.28) expands
i=1

linearly (by Proposition 2.8). By the inductive hypothesis the last factor on the right

side of (2.28) is

n n k—1 n
i=1 k=2 j=1 i=1
These facts put together give us the following:

(ﬁam) ®b ((Hm) [Tnt1, ]) (Tns1 ® D) ((ﬁx) ®b>

n n k—1 n
= (H(ml ® [Tnt1,b]) ) (Tnt1 @ D) H H(xj ® [z, b] H (z; ®b)
i=1

=1 k=2 j=1
n+1k—1 n+1

= H H zj ® [Tk, b H(mi@)b).

k=2 j5=1 i=1
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The proof of equation (2.27) is similar. O

Proposition 2.9 is used to show the following result, which has a similar inductive
proof. The proof can be found in [17].

Proposition 2.10. Let G be a 2-Engel group. For u = 1,...,n, let x,, y,, * and y
be elements of GG. Then for n > 3,

n n l— — n s—1 n—1
(m) ®y=HHH o oo [T [T @ o)) T (nm @ 9
u=1 1=3k=2j=1 s=2r=1 m=0
and
n n l-1k-1 n s—1 n
® <H yu> =TT 1T I1Cws w2l @ up) TT 11 (s 2] @ w0) [ ] (= @ w)-
u=1 1=3k=2j=1 s=2r=1 u=1

Appropriate substitutions in Proposition 2.10 show that some expansions are linear,
such as in the following corollary.

Corollary 2.11. Let G be a 2-Engel group. Let © € G and suppose that b; is an
element of the derived subgroup of G for ¢ =1,...,n. Then for n > 2,

(f[bZ)®ac:f[(bi®;zc)7 and x®<Hb> ﬁx@bi).
i=1 i=1

i=1

3. Computing the tensor square

In this section we prove Theorem 1.4, which provides a simplified presentation for £ ® £.
The following is an outline of our method for making the computations needed in proving
the theorem.

Using the identities for £ ® £ developed in Section 2, we first express an arbitrary
generator g ® g’ of £ ® E as a product of a fixed set of elements of £ ® £ whose exponent
expressions depend on the exponents in the representation of g and ¢’ found in (2.4) and
(2.5). Then we construct a group L,, and define a multiplication formula for it in terms
of the exponents of its generators (see Example 3.3).

To prove Theorem 1.4, we define a function ® : £ x &€ — L, that we show is a
crossed pairing. Verifying that & is a crossed pairing involves multiplying and conjugating
elements of £ using Lemma 2.2 and multiplying elements in L,, as defined in Example
3.3. These operations are described by formulas on the exponents of the generators of
these groups respectively. We consider these formulas as functions. Verification of the
identities (1.1) and (1.2) for ® is completed by composing these exponent functions. Since
some of these compositions involve manipulating hundreds of terms, the computations
were performed using Maple [19]. We complete the proof of the theorem by showing the
homomorphism induced by the crossed pairing ® is an isomorphism.
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We express the element g of £, defined in (2.4), as the product a - b - ¢, where

a = Hg?ia b= H [gjvgk]ﬁj'ka c= H [gragsagt]%v's’t' (31)
=1

1<j<k<n 1<r<s<t<n

Similarly, we express g’ € £, defined in (2.5), as the product a’ - V' - ¢/, where

n
a/ - ng(‘li7 b, = H [gj7gk]ﬁj’k7 C/ = H [ghgsvgt]vr's’t' (32)
i=1

1<j<k<n 1<r<s<t<n

As a first step, we use Proposition 2.8 repeatedly to compute an expansion formula for
g ® ¢’ in terms of the factors a, b, ¢, a’, b’ and ¢’. We use the fact that £ is nilpotent of
class 3 to simplify the expansion:

gg =a-b-cod V-
=(a-b®@c,d b -)(cxd V- a-b2d - b )
=(c@ad b - a-bxd V- )
([dyJ@ad -b)cwad -V)(cxd)([da-bj@ad -b)a-boad -V)(a-bxd)
=
=

. d@d)(c@d)(cab)(cad)(a-bad V)(a® b)) (bad)(a® )
c@d)(cab)cad)(a-bd V) (bad)(axd). (3.3)
By Corollary 2.11 the factors (¢ ® ¢’), (c®b') and (b ® ¢') in equation (3.3) expand

linearly into products of elements of £ ® £ of weight at least 5, which are all equal to the
identity by (2.15). Hence our expansion becomes

a-b-cod V- -d=(c@d)(a-b@d - -b)(ax). (3.4)
We expand (a-b® a’ - b') using Proposition 2.8, obtaining
(a-bad V)= (a®@[bd -b])(bxd V)(axad -b)
=(a®@bd])([t),b]@d)(b@d) (b)) ([t,a@d)(a@d)(a@D)
= (@@ b,d])b®ad)bab) ([t .d®d)(a@d)(axt). (3.5)
Putting the expansions (3.4) and (3.5) together we get
a-b-c@ad V- =
(c@d)(a@bd])b@d)(baV)(t d@d)(a®d)(axt)(a).  (3.6)

We next show that every generator of EQRE can be expressed as a product of a prescribed
set of elements in £ ® £ in a fixed ordering. We accomplish this goal by expanding each
of the eight factors in (3.6) as products involving the generators gy, ..., g, of £. For the
sake of notational convenience in the sequel we set

I ={(i,j,k)[1 <4,j,k < n;i <max(j, k);j <k} and
IL={(,7k)1l<i<j<ni<k<l<n;(j) < (k) lexicographically}.
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Lemma 3.1. Let g and ¢’ be arbitrary elements of £. Then

n

god =[@oe) [ (9®lg, )7
i=1 (i k€D

n—1

n
1 (ool®loal H H (9@ 5)",

(4,4,k, 1) €12

where each p;, 0; ;1 and v; ; is an integer and each 7; ;. is an integer modulo 3.

Proof. We continue to consider g and ¢’ as written in (2.4) and (2.5), respectively.
The eight sets of forms listed below in (3.8) through (3.15) are the possible element forms
that arise when the eight terms of (3.6) are expanded using Propositions 2.8, 2.9 and

2.10:

[Grs Gos gt 75 @ g2,

92 @ [[gr, g)%, g0,

9,957 @ g2, [95%, 190 917] @ g5,

97, gs]ﬁm ® [9p, gq]ﬁ;’qa

(19, 917+, g5] © g~
92 ® go°, o 9o @ gee,gon], g% @ (g, gi. gar], }
92 (92,007, 90%), gi ® loft gt gt ), g @ (g8, g,

95 @ g, g5)"re, gor @[99, [gr 957,

95" @ [gr, g, gi] ot

where 1 <r<s<t<n,1<p<qg<nandl<wu,v<n.
For example, by Corollary 2.11 and Proposition 2.9,

I A I

1<r<s<n u=1

H ([grags]ﬁns & H gg;)

1<r<s<n u=1

b®a

1<r<s<n \g=2p=1

Hence we have the element forms shown in (3.10).

n gq—1 n
11 (HH 027 lgr a7 @ o ) [T (9w 951° @ gu ))
u=1

We extract the exponents for each of the forms found in (3.8) through (3.15) using

(2.3) and (2.10):
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([gragsagt] ®gu) ;%"S’ta (316)
(9u @ [gr. gs, go]) >0, (3.17)
(190 9s) © gu)Pr+%,  (gu ® [gr,gs,gu])[’"“s(af), ([9g: [9r> gs]] ® gp)¥aPree, (3.18)
(l9r- 95) @ [9p. gq])ﬁ?qﬂ”, (3.19)
(lgr, 95, 90] ®gu) a;’ (3.20)

(gu b2 gv)aua s (gv ® [gu, gv})a“(aéu)a

(9u @ [9us 9 (3, (90 ® lgs, gul) =%,

(9, ® (g1 lg0s 9D (F), (g0 @ [, g1 gull)oreeee (3.21)

(gr ® [gs, gp,gq})oérasapaq (gr ® [gt7gu7gg])a o aua/

(gr © [gu» gs]) oo, (9r @ [grs (g5, gu]]) 2> (7).,
(G © [9r, 9D, (90 © [9us 90, 9% (5), (g, @ g0, (97, gs])) 2P0, (3.22)
(gu ® [gragsagt})ﬂy;’s’taua (323)

where 1 <r<s<t<n,1<p<qg<nandl<uv<n.

Hence an arbitrary generator of £ ® £ can be written as a product of the element
forms listed in (3.16) through (3.23). The only non-central elements in this list are the
powers of elements of the form g; ® g; for ¢ # j. Hence the exponents have no effect
in rewriting the other element forms to match the factors listed in the statement of the
lemma. There are only two basic form types that need to be rewritten. For (3.16) we
have, using equations (2.12) and (2.17),

([9r+ 9s: 9] @ gu) =(9u @ [gr, g5 9¢])

=([9u> 90 @ 955 9¢)) " ([9u> 95] @ [ 9¢)) ([gur 9t] @ [95s, 9+))

We then reorder the subscripts as needed by repeatedly using (2.12) and keeping track
of the sign changes of the exponents as necessary. We rewrite the other element forms
that involve a weight three commutator in £ similarly.

Elements of the form g; ® [g;, g;] for which k£ > max(4, j) can be rewritten using (2.11):

-1

(9 ® 94, 95]) =
(9: ® 95 9) (95 ® (95> 9%)) (95> 9%) @ 95 9)) (193 9] @ (95, 95)) (95 9] @ (95, 93])-

Again we reorder the subscripts, as needed, using (2.12).

We can order the non-central factors g; ® g;, for i # j, as specified in the lemma, noting
that the commutators [g; ® g, gx @ 91] = [9i, 9;] ® [gk, g1] (where k # 1) lie in the center
of £ ® £. Hence the reordering of the non-central factors does not add any new element
forms. O

An arbitrary element of £ ® & is a product of generators of the form g ® ¢’. By Lemma
3.1, each of these generators can be written in a common form (3.7). Hence, £ ® € is
finitely generated by the factors in the product (3.7).
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Remark 3.2. We note that Lemma 3.1 also holds for the generators of
B(n,3) ® B(n,3),

where the exponents are taken to be integers modulo 3. Moreover, an arbitrary element
of B(n,3) ® B(n,3) can be expressed as the product (3.7), where all the exponents are
again considered to be integers modulo 3.

The exponents p;, 0k, Vi; and 7; j 1 specified in Lemma 3.1 are used later in the
proof of Theorem 1.4 to define a mapping ® : ExE — L,, (where L,, is defined in Example
3.3 below). An explicit expression for these exponents is determined by a careful analysis
of how the exponents arise during the expansion and collection process of g ® ¢’ as a
product of the generators indicated in Lemma 3.1. This analysis, which was performed
completely in [17], relies on tracking the indices of each of the products in the expansion
process described in the proof of the lemma to form the exponent expressions listed
below. When all of the forms in the expansion are collected, we note that each basic form
must be considered in several cases dependent only on the relative ordering of its indices.
We arrive at the following descriptions of the exponents of the generators of £ ® £.

For generators of weight two the exponents are

pi = q;al and v = (i # 7). (3.24)

For generators of weight three we have four cases to consider, with indices ordered
i < j < k. The exponent for each generator (g; ® [g;,gx]) is

/ / ! ! /
Oijk = — @Bk + @il ), — qudjon + gy,
/ !/ / /
+ aiajay — azagag + oy Bi — ok ;. (3.25)

For each generator (g; ® [g;, g;]) the exponent is

/
o o
! / !/ /N !/ 7
O = _ai/@i,j + ; i CkiOliO[j + aiaiaj — ij < 21> + Olj ( 9 ) .
The exponent for each generator (g; ® [¢;, gx)) is
Ok =—a:Bik+ ;B — diajoy + ada), — apBi g+ awf;
Jrik = Mk ik ik 1@ kMij ki 5+

For each generator (g; ® [gi, g;]) the exponent is

o o
05 = —GBi; + B, + O”( 2J> o ( 2J>'

For generators of weight four we have six cases to consider with indices ordered i <
j < k < 1. The exponent for each generator [g;, g;] ® [g:, gx] is

_ A . . ! . ! . _ . ! . . / L . I Q! / . /
Tijik = — 0% gk + Q% T @i B 6 — i Bk + aiaq B — i85 1 + o B g
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o
— a3 + BijBiy — Bi jBik + Bk < 2’ — 0o Bk + ajon B + o B

PR 2

o o’ Q; o
+ djay, ( 5 ) — ajay, ( 21) — ajoy, ( ) ) + ajou < 2’) — apBij + anfi ;.

For each generator [g;, g;] ® [g;, gx] the exponent is

a,
/ / T / N / / !
— S — B k( ) — QoGO+ GOGOG g — QOGO+ GGG A

_ ! L . ! A . . _ . ! . X A L X ! ! X / /
Tijgk = — Q3Yigk + % 5k + 0085k — o Bk + ajog B — i By 1 + oo B g

/
/ / / / Qs ’o / / aj
— s+ BiiBk — BiiBik — Bik ( 2J) + Ao Bi; — ajarf 4 By ( 9 )
/

Qa; Qs
/ / / J / / /
T ogogag o — o < 9 ) + aiak( 23> — B + akﬁm.

The exponent for each generator [g;, gx] ® 95, gx] is

Tikgk = — OpYigk + Ok T GowBin — ojonfin + ooy fij — cic B + oo B
!
Qg A
— B+ BiwBir — Bixlik + ﬂi,j( 9 )~ B 9 |~ o Bij + arf ;.
For each generator [g;, g;] ® [gk, gi] the exponent is

/ / ! ! !/ ! !
Ti,ghl = = QY kl T OGYikt + Qi g0 — Qi gk + QY — 0% k1 — QY g

+ iy g+ ud B — g B — ajon S+ agou Bk — aig, B 4 ajag Bi
+ ajon i — aGoufi g 4 ik — g Bk — arayfij + agaufij — o By,
+ ;i By + i B — aiq By + ago By — aarBi; — agog Bi ) + g By,
— gy + Ayl + aguf ; — axa)Bi 5+ Bii By — Bi iBra + i B

— oy B0 + g B + g B — jai Bk — aafij — i By g + ciarf,
- ajakﬁz{,l - aiOél/@;-,k + Oéjalﬂz/',k + akalﬂz{,j + ooy — aia;a;af

— QG + o aga) + e agon — QGG o) — QaGagag + AGaGagag

I / / / / 7 / / ro
+ oo a0y — QOGO Qg 0G0 T+ QGO OG0 — OGO OGO — QG000

The exponent for each generator [g;, gx] ® [g;, 1] is

Tikogid =Ygkl Vi kel + QUYigt A QYigk = QY — Q5% g — QkYija — QUK
— i B — o By — ajonBa — eouBk + i B + ol Big + oo By
+ ajaifin — iy fin — ajoqfBik — awa)Bij — agufi g+ ago Bl + oy By
+ ;o 05 ) + @iag By, — aharf ) — oy — ajaq iy — cgeq By + adai B
+ ajaifi y + o + awan By + BinBiy — BixBia — By + agon B

+ afal B — Bk — ahai Bk — agaiBi g + aia Bl — aiagf
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/ / / / / ! /
—ajopf +aiauf g+ ajouB g + agau B + cajagan — aiahaga)
/ / ! !/ ! /N !/ / (NN
o000 — QGO Qg0 — 0GOG 000+ OGO OO + QGOG O QG — 000000

— Qo0 + QG RQ) + QoG Ry — QOG0 — CGaGaG g — GO0y
Finally, the exponent of each generator [g;, gi] ® [9;, ] is

Tilgk = = QYjhkl = QYikd + Q4Yigt + aigk + iy g gl — oy
— i g + 0B + e By — aharfi — ahan Bk — ciag B — o Big
+ ajagfiy + ajonfik + i) Bk + g fik — areqBiy — aguBi g — aioy By,
— By + aiog 85 + aiag By, + dhar ;) + B — ajan B — ajonBiy
- aﬁazﬁ},k - a;‘alﬁz{,k + akazﬁé,j + akafﬁé,j + ﬁi,lﬁ;‘,k - ﬁz{,lﬁj,k + a;a;ﬂk}l
- aéa;cﬁj,l - O‘;‘a;cﬂi,l + aga;ﬂj,k + a;af@',k - Olfcafﬂm' - O‘iajﬁllc,z + aiakﬁé,z
+ajarf; — aiouf ) — ajonfiy + akaufi ; — dajogar + aiajaga)
— qajagar + cjaag e + oo agon — QG o) — QoG oga) + agakaag

I / / / / I / / v
TG00 — QOGO 0 — 0GOG OO = OGO Q0+ QGO O 0 — 0G0 00

We now construct the group L,, that we show is isomorphic to £ ® £.

Example 3.3. Let F be the free group of rank n(n — 1) and set N to be F/y3(F) =
(yi; | 1 <14,5 <mn;i#j), the free nilpotent group of class two and rank n(n — 1). Set

N = ([Wijs Yiils Wi vkl Wi g Yk )s Wi U ) [Wisis Yoot )s Wi e [k Vi) Wi i) |
1<, gkl <nyi gk #1).

Since N < N’ < Z(N), the subgroup N is normal in A. Set
Wy =N/N = (w;; | 1<i,j <nji #j),

where w; ; =y; ;N for 1 <i,7 <nand i # j. Set U,, to be the free abelian group on the
generating set

{z; |1 <i<n}U{uijr|1<4,5,k <nji <max(j,k);j < k}.

The allowable subscript triples for u; ; ; match the four cases of subscript triples that
arise in the generators of the tensor square £ ®¢& for factors of the form g; ®[g;, gx]. There

2
are 2(’2’) + 2(’;) = 2(";‘1) such triples, and thus U,, has rank n + 2(";‘1) = M

3
We set L,, to be the direct product U,, x W,,.

Denote the commutator [w; ;,wk ] by zi k. We represent an arbitrary element h of

L, as
n n—1

n
_ K Aijk Hig, kL NMn—i,j
h=1Ter - I1 wigi 11 2ol IT wiisys (3.26)

i=1 (i,5,k)el (1,5, 1) €T, i=0 j=1
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where each k;, A; j 1 and 7,—; ; is an integer and each p; ; 1, is an integer modulo 3. Let

n
’ o .
r_ K; ivd.k lh ikl nn—t,]
W=l T1 wgst- II =gt H W, (3.27)

i=1 (i,4,k) €l (4,4, 1) €12 =
J#n i

H::]:\

be another element of L, where each x}, A ; , and nj,_, ; is an integer and each 1 ,
is an integer modulo 3. Then the product hh' is

n \* . n—1 n .
_ Ky ik Hij ke 1 Mn—i,j
= H”% ' H Wijk H Figkl H Wn—ij
i=1 (id.k)En (i.3.k1)ED =0 j=1
JF#EN—i
where
* / * / * /
ki = ki + Ky, Nij = Mg T M js i = Ak A ks (3.28)
and (computing modulo 3)
* ! ! ! ! / . N
Hijike = Migik T Mok T MMk = MMk, T M,kMj0 — M,k 5 (i<j<k

)
Mgk = Miggk Mg g+ M50k 5 = Miglkg + M5k + 7570 (i<j<k)
15 kg = Bk F MGk g = Mg Thei F 15k — ik e, + Nk ks (i<j<k)
Wi kg = Migki + u;,j,k,l + 77j,i77l/,k - 771',;'771/,16 - Uj,iﬂfc,z + Ui,jﬂfc,z, (i<j<k<l)
[ kg0 = Mik gl + Mg g+ Thedlly — Mk + Mk + ik, (0<j <k <)
151k = Midgk 1 e = Mg + 570 — MidM j + Midm k- (i<j<k<l)
Proof of Theorem 1.4. Let g, ¢’,g” be arbitrary elements of £, where g and ¢’ are
defined in (2.4) and (2.5), respectively, and

n
"

' =1Is" - T losoel® - T  lorgsr 9o, (3.29)

i=1 1<j<k<n 1<r<s<t<n

where each o and 7, is an integer and each 7', , is an integer modulo 3. We define
the mapping ® : £ x £ — L,, by

n n—1 n
AN Pi Ti,5,k Tl]kz Vn—i,j
‘1’(979)—1_[”% ' H Yigk H %kl H H Wn—ij >
i=1 (3,5,k) €L (4,5,k,1) €12 =0 j=1
Jj#En—i

where the exponents p;, 0; j i, Tijk1 and v,_; ; are as specified in Lemma 3.1.
To show that ® is a crossed pairing we must show equations (1.1) and (1.2) hold.
Consider equation (1.1) and let

®(99',9") Hx”z- H uJ;kk H ,}fk’f/ H H wn";;, (3.30)

(4,5,k) €1 (i,4,k,1)El2 i=0 j=1
j#n—i
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and

i
/g pz . i4.k . ljkl n i,
(%', %9") Hz H Wi gk H Zij k.l H H Wp—ij -
(i.g,k)€N (i, k) €2 i=0 j=
fEima

(3.31)

The expressions (3.30) and (3.31) are equal if the exponents of the corresponding genera-
tors are equal. Hence we must show that p;r = p?, U;r,j,k = O‘ij > ZT] Kl = Ti ki mod 3,
and VzT,j = V},j'

We start by showing that pj = pf. For each ¢, where 1 < ¢ < n, consider o, az, Dis
kf (defined in (2.6), (2.7), (3.24) and (3.28), respectively) as functions of two variables.

Thus:

af (g, af) = a; + o, ozj(ozi,ag) =al, pila,al)=aq;-a, and &} (K, ) = ki + K.

By the definition of ® and the formulas for computing in £ and in L,,, we obtain:

N

pl = pi(aj (i, af), af) = pilas + af,aff) = (a; + a})a} = a;a] + ajaf,
and

ot = ki (pilad (i, ), @l (g, ), pil i, all))
=Ky (Pi(a;a ai )a Pz‘(auai ))
= pi(f, ) + pi(i, off ) = oo + oo

By inspection pg = pi-t, as needed. A similar argument shows that VZ i=

(i,7), where 1 <4,j < n and i # j.
J b for two of the four possible orderings of the indices i, j

We next show o; ;. = a”k
and k. First we erte B ;s 6 cand A7 ., (defined in (2.6), (2.7) and (3.28), respectively)

as functions:

i .
v; ; for each pair

1,5,k

ﬂ;j(ai;ajvﬂi,pa 0l ) Bi.;j +5” ajoy;

53’j(ai,aj,ﬁm,a o, ”) = Bi; — djag + ol

Ab gk Nigies X g k) = ik + ALk
Consider the case when the indices are ordered i < j < k. In functional notation, (3.25)
becomes

/ ! ! / / /
O—i,j,k(ah Qj, Ak, ﬂi,j’ ﬁi,k, 6j,ka a;, aj7 Qp, ﬁi,ja ﬂi,ka ﬁj,k) =
! / !/ / !/ /! ! ! !/ /
— @Bk + i — aiagag + cagog + aagay — cgagag + agBi — o -
Using the definition of ® and the formulas for computing in £ and in L,,, we express

*

o1 = o (0 () (v 00) 0 a0 5 s Bl L)
ﬂ:k (aia akyﬂi,kva;a O‘]mﬂiJc) 7ﬂj,k (O[jvo‘kvﬂj,]wa;a Oé;mﬁj,k) 5

ol ol Bl Bl B ) (3.32)



16 Russell D. Blyth, Robert Fitzgerald Morse, and Joanne L. Redden

and

ol =Nk (Ui,j,k(al(ai,ag),a}(am o), al (o), Bl (aw 0, Bi g o o), B,

s,

ﬁg}g(a%akaﬂi,ka a;v a;caﬂz( k) ﬂTk(aj7akvﬁj,k7a/‘a a;mﬁ/‘ k)?
s s J Js

043(%@2’)@}(%@ ), O‘k(akvak) 5 (041705]761,]70‘ 0537 z/':j)v
ﬁg,k(a%akaﬂi,kaai7agvﬂ;:k)7ﬂ;k(ajvakalgj,kaaj7ak75;:k))a
Ui,j,k(ai;ajaakaﬁi,jaﬁi,kaﬁj,k7a Oé aka ,jaﬁz k7ﬁ )) (333)

Maple [19] was then used to compose these functions and to simplify the resulting expres-
sions. All subsequent calculations were performed with Maple and independently checked

using GAP [11]. In particular, these computations immediately show that O’j gk f k=
0.
The corresponding computation of the case O'j i af i where ¢ < j, results in the

expression —a/; (‘12) —a (%) — Al + af (@ ;ro‘ ). Since for any two integers m and n

J
the identity
m-+n m n
(") = () + () 339

holds, this expression also evaluates to zero. By similar calculations and applications of
(3.34), for each of the remaining two cases a;r gk f j.x 18 also zero.
The exponent of z; j 1, has six possible orderings of the indices 7, j, k¥ and [. The case

7'2 ik f ik mod 3, for i < j <k yields the expression

, , a; ol a; + o

e oot () (5) - (7
/ ) / 1"

+ ajay] (ai — 200 — af + (21) _ (ozz ;%)) + ajal, (a;’ o (C;Z))

o o a; + o
T ayof (aiaH (2) ¥ (2) - ( ! ))
. ! ) /

+ ajay, ((al ; a’) — a0 — <6;> - <a1>>
’ ) /

+a”a§€ (a Oé1+2041 (C;z) + (az';_c‘fl)).

By the identity (3.34) and the fact that () = m—m? mod 3, we conclude that TTJ ik

i’ ik =0 mod 3.
For each of the other five possible orderings of the indices 4, j, k and [, the expression
7';[7 Gkl Ti ikl mod 3 was similarly computed using Maple and verified to be congruent
to zero modulo three.
These computations show that equation (1.1) holds for ®. Equation (1.2) holds by a

similar analysis. Thus ® is a crossed pairing.

[\
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By Proposition 1.3, ® determines a unique homomorphism ®* : £ ® £ — L, with
D* (g g') =D(g,g') for all g,¢’ € £. Tt follows that
®*(9: ® 9:) = (9, 9i) = 4,
(9 ® g5) = ®(9i,95) = wij,
®*(g9: @ [95, ) = ®(94, 95, 9r)) = wi,j ks
*([g:> 951 @ g ai]) = @([gs, 951, 9k, 1)) = 235kt

It remains to be shown that ®* is one-to-one and onto. Let h, represented as in (3.26),
be an arbitrary element of L,, and define V in £ ® £ to be

V=11 wew [] (@l a)*

1<i<n (i,5,k)EIL
n—1 n
H ([g’ugj] ® [gk7gl])uid’k’l : H H (gnfz ®gj)nnii’j- (335)
(i,9,k, )€1z i=0 j=1
Jj#n—i
Then
H " (g; ® gi)" H " (g; ® gj,gk})Ai’j”“-
1sign (i,5,k) €11
n—1 n
II @ (g9 ® g, au) o0 [T @ (gn-i®gj)m—
(4,5,k,1) €12 i=0 j=1
J#EN—1
n N n—1 n
=[lar IT win IT At 11 11 wimsy
=1 (1,5,k)€lL (4,5,k,0) €T i=0 j=1
J#En—1
= h.

Hence ®* is onto.

Suppose ®*(V) = 1, where V is defined as in (3.35). It is immediate from the
definitions of L,, and ® that V = lgge. We conclude that ®* : E®E — L, is one-to-one,
and therefore is an isomorphism. a

Proof of Corollary 1.5. Let B denote the Burnside group of rank n and exponent 3

and let
f(n):n—l-?(n;_l) +3<n11) +n(n—1),

which enumerates both the generators listed in equation (3.7) and the generators x;,
Wi j ks 2k, and wy—; 5 of Ly,. As we noted in Remark 3.2, our analysis holds for B® B
by replacing “integer” with “integer modulo 3” throughout. It follows that |[BoB| < 3/(").
Let g,¢',g"” € B have representations analogous to (2.4), (2.5), (3.29), where all of the
exponents are taken modulo 3. We define ¥ : B x B — L,,/L3 by

U(g,9') = V(g€ ¢'E%) = D(g,9')L3.
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Since ® is a crossed pairing, a similar argument shows that ¥ is a crossed pairing. Thus
by Proposition 1.3 and the fact that ¥ is onto, L, /L3 is a homomorphic image of B® B.
Thus 3/ > |B® B| > |L,/L3| = 3™ proving our claim. O
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