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On the Rosenberger Monster

Robert Fitzgerald Morse

Abstract. In this paper we obtain structure results for the largest finite gen-
eralized triangle group that has been called the Rosenberger Monster. These

structure results are motivated by their application for finding various homo-

logical functors for this group.

1. Introduction

A generalized triangle group is a group given by a presentation

〈a, b | ap = bq = Rm = 1〉,
where p, q, m are integers greater than 1, and R is a word of the form

aα1bβ1 . . . aαkbβk ,

with 1 ≤ αi < p, 1 ≤ βi < q for i = 1, . . . , k. It is assumed that m is chosen so
that R is not a proper power. The largest finite generalized triangle group has been
named the Rosenberger Monster. This group, which we denote as G throughout
the paper, has the presentation

(1) G = 〈a, b | a2, b3, (abababab2ab2abab2ab2)2〉.
The finite generalized triangle groups were classified by Howie, Metaftsis and Thomas
[8], except for two possible groups, namely G and

H = 〈a, b | a2, b3, (abababab2abab2ab2)2〉.
Lévai, Rosenberger and Souvignier [10] completed the classification by showing
that G is finite and that H is an infinite group.

Lévai, Rosenberger and Souvignier state that using the computational group
theory package GAP [7] one is able to show that G is finite of order 220 · 34 · 5.
Moreover, G is a central product of SL(2, 5) and a solvable group with amalgamated
central subgroup of order 2. The subgroup structure of G was investigated by
Howie, Metaftsis and Thomas in [9]. They identified the solvable group of the
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2 ROBERT FITZGERALD MORSE

central product mentioned in [10] and computed Sylow subgroups of G for p = 2
and 3 based on this identification.

The purpose of this paper is to give further structure results for G and to show
how these results can be applied in computing the nonabelian tensor square and
nonabelian exterior square of G. From the nonabelian exterior square of G, one
is able to compute several groups related to G, in particular, the second integral
homology group, or Schur multiplier, of G. In Section 3 we show how our structure
results can lead to finding these groups. In principle these computations can be
done for the Rosenberger Monster, but are currently beyond the capability of the
computing resources available to the author. The author hopes to complete these
computations for all the finite generalized triangle groups for a future publication.

The proofs in this paper appeal to computations made in GAP. 1 GAP com-
mands and output are shown as part of the proofs. The reader can type in the
GAP commands in sequential order as found in the text and obtain the results
shown. Some of the computations take significant computer time and memory.
All computations were done using a 3GHz processor with a GAP workspace of 2.8
gigabytes. 2

In this paper GAP commands will be written in a teletype font with all output
suppressed using the double semicolon except where the output is of interest. A
comment in GAP is any input following the # symbol. Some lines contain com-
ments for clarity. Lines are broken and indented for readability. The GAP objects
are named and constructed to represent mathematical objects in the text. As an
example, we fix the GAP object G, which is a finitely presented group isomorphic
to G, the Rosenberger Monster. It is constructed via the commands
gap> F := FreeGroup("a","b");; a:=F.1;; b:=F.2;;
gap> R := [a^2, b^3,
> (a*b*a*b*a*b*a*b^2*a*b^2*a*b*a*b^2*a*b^2)^2];;
gap> # Construct the finitely presented group
gap> G := F/R;
<fp group on the generators [ a, b ]>
gap> a:= G.1;; b:=G.2;; # Remember generators for later use

2. Structure results

We start by finding a subnormal series for G.

Theorem 1. Let G be the Rosenberger Monster. Then G has a subnormal
series

G D G(1) D G(2) D G(3) D G(4) D C D 1,

where G(i) is the ith term of the derived series and C is the center of G(4). The
factors have the isomorphism types

G/G(1) ∼= Z6, G(1)/G(2) ∼= Z6 × Z6, G(2)/G(3) ∼= (Z2)8,

G(3)/G(4) ∼= (Z2)6, G(4)/C ∼= A5 and C ∼= Z2.

Proof. The following GAP commands can be used to directly find G(i) for
i = 1, 2, 3, 4 and their abelian invariants.

1The commands used in this paper require GAP version 4.4.7 (or higher). No GAP packages

are required.
2The GAP workspace size was set using the -m 2.8G command line option.
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gap> G1 := DerivedSubgroup(G);; G2 := DerivedSubgroup(G1);;
gap> G3 := DerivedSubgroup(G2);; G4 := DerivedSubgroup(G3);;
gap> AbelianInvariants(G); # Finds invariants for G/G’
[ 2, 3 ]
gap> AbelianInvariants(G1);
[ 2, 2, 3, 3 ]
gap> AbelianInvariants(G2);
[ 2, 2, 2, 2, 2, 2, 2, 2 ]
gap> AbelianInvariants(G3);
[ 2, 2, 2, 2, 2, 2 ]
gap> AbelianInvariants(G4);
[ ]

Our calculations above show that G(4) is perfect and |G : G(4)| = 217 ·33. Since
G has order 220 · 34 · 5, it follows that G(4) has order 120. There is only one perfect
group of order 120, namely SL(2, 5), and the result holds. �

In the following proposition we give a complete description of G(3).

Proposition 2. Let G be the Rosenberger Monster. Then

G(3) ∼= (Z2)6 × SL(2, 5).

Proof. The GAP object G3, which is isomorphic to G(3), is not given as a
finitely presented group. We first find a finitely presented group G3fp isomorphic
to G3 that is more efficient to compute with. We also name the isomorphism as it
will be used in subsequent computations.

gap> G3fpiso := IsomorphismFpGroup(G3);; #Isomorphism G3 to fp group
gap> G3fp := Image(G3fpiso);
<fp group on the generators [ F1, F2, F3, F4, F5, F6 ]>
gap> Size(G3fp);
7680

To determine the structure of G3fp, we define a central subgroup N that is generated
by the fifth powers of the generators of G3fp. We show this subgroup is isomorphic
to (Z2)6 and its intersection with the derived subgroup of G3fp is trivial.

gap> # Construct a subgroup N in the center of G3fp
gap> N := Subgroup(G3fp, List(GeneratorsOfGroup(G3fp),g->g^5));;
gap> IsSubgroup(Centre(G3fp),N);
true
gap> # See that N has the right structure
gap> StructureDescription(N);
"C2 x C2 x C2 x C2 x C2 x C2"
gap> D := DerivedSubgroup(G3fp);; #Isomormorphic to G4 = SL(2,5)
gap> Size(Intersection(N,D));
1

The normal subgroups D and N are of order 120 and 64 respectively, with trivial
intersection. Hence G(3) ∼= (Z2)6 × SL(2, 5). �

We now define a set which plays a role in computing the nonabelian tensor
square of a group.
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Definition 3. Let H be a group and let H = Hn D · · · D H1 D H0 = 1 be
a subnormal series for H. Let Ti denote a transversal for Hi−1 in Hi and let Hi

denote a lift of a generating set for Hi1/Hi to Ti. Set

Li =

{
Hi, if Hi/Hi−1 is abelian
Ti, otherwise.

Then define the set LH to be
LH = ∪ni=1Li.

The size of LH is related to the subnormal series one uses to define it. For any
group H we can set LH = H via H D 1. Finding a subnormal series of H with
many abelian factors will reduce the size of LH .

In the following proposition we compute LG using the subnormal series found
in Theorem 1. Conjugation on the right of two group elements x and y, as used in
the following proposition, is defined as xy = y−1xy. Conjugation on the left, which
is used in defining the nonabelian tensor square later, is defined as yx = yxy−1.

Proposition 4. Let G be the Rosenberger Monster. Then LG is the union of

LG/G(1) = {ab},
LG(1)/G(2) = {[a, b], [a, b2]},

LG(2)/G(3) = {(ab)6, (ab2)6, ((ab)6)b, ((ab)6)ba, ((ab)6)bab, ((ab)6)bab
2
,

((ab)6)baba, ((ab)6)bab
2a},

LG(3)/G(4) = {(ba)12, (b2a)12, b · (ab2)11 · ab, (babab)6, [b2, a]6, [b, a]6},
LG(4)/C = {g2, g−1

2 , g2
2 , g−2

2 , g1, g−1
2 g1, g2g1, g2

2g1, g−1
1 , g−1

2 g−1
1 ,

g2g
−1
1 , g−2

2 g−1
1 , g2

1 , g2
2g2

1 , g2g
2
1 , g−1

1 g−1
2 g1, g2

2g1g2, g1g2,

g2g1g2, g1g
−1
2 , g1g

−1
2 g1, g1g

−1
2 g−1

1 , g−2
1 , g−1

2 g−2
1 , g−2

2 g−2
1 ,

g−1
1 g2, g−1

1 g2g1, g−1
1 g−1

2 , g−1
2 g−1

1 g−1
2 , g1g2g

−1
1 , g2

1g2, g2
1g−1

2 ,

g1g
−2
2 g−1

1 , g−1
1 g2

2g1g2, g−2
1 g2

2 , g1g2g1, g2g1g2g1, g2g1g
2
2 ,

g1g
2
2 , g1g

−2
2 , g−1

1 g2
2g1, g−2

1 g2, g−2
1 g−1

2 , g1g2g1g
2
2 , g−1

1 g2
2 ,

g−1
1 g−1

2 g−1
1 , g−1

2 g−1
1 g−1

2 g−1
1 , g2

1g−2
2 , g−1

1 g−2
2 , g2

1g2g1g2,

g2
1g2g1g

2
2 , g2

1g2g1, g−1
1 g−1

2 g−1
1 g−1

2 , g2
1g2

2 , g1g2g
2
1 , g2

1g−2
2 g−1

1 ,

g1g2g1g2g1, g−2
1 g−2

2 , g1g2g1g2},

where g1 = (ba)24, g2 = (b2a)24, and

LC/1G
= {(ab)24 · (ab2)48 · (ab)24 · (ab2)96 · (ab)96 · (ab2)96}.

Proof. We construct the natural homomorphism φ : G → G/G(1) and show
〈φ(ab)〉 = G/G(1).

gap> nat := NaturalHomomorphismByNormalSubgroup(G,G1);;
gap> Subgroup(Image(nat),[Image(nat,a*b)])=Image(nat);
true
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Similarly, we show the images of the elements of LG(i)/G(i+1) under the natural
homomorphism generate G(i)/G(i+1) for i = 1, 2, as needed.

gap> nat := NaturalHomomorphismByNormalSubgroup(G1,G2);;
gap> h1 := Image(nat,Comm(a,b));; h2 := Image(nat,Comm(a,b^2));;
gap> Subgroup(Image(nat),[h1,h2])=Image(nat);
true

gap> nat := NaturalHomomorphismByNormalSubgroup(G2,G3);;
gap> h1 := Image(nat,(a*b)^6);; h2 := Image(nat,(a*b^2)^6);;
gap> h3 := Image(nat,((a*b)^6)^b);;
gap> h4 := Image(nat,((a*b)^6)^(b*a));;
gap> h5 := Image(nat,((a*b)^6)^(b*a*b));;
gap> h6 := Image(nat,((a*b)^6)^(b*a*b^2));;
gap> h7 := Image(nat,((a*b)^6)^(b*a*b*a));;
gap> h8 := Image(nat,((a*b)^6)^(b*a*b^2*a));;
gap> Subgroup(Image(nat),[h1,h2,h3,h4,h5,h6,h7,h8])=Image(nat);
true

To compute more efficiently, the remaining computations will be done in the finitely
presented group G3fp isomorphic to G3 by the mapping G3fpiso. We map the ele-
ments of LG(3)/G(4) to G3fp and show their images under the natural homomorphism
generate G3fp/G3fp′ ∼= G(3)/G(4).

gap> nat := NaturalHomomorphismByNormalSubgroup(
> G3fp,DerivedSubgroup(G3fp));;
gap> h1 := Image(nat,Image(G3fpiso,(b*a)^12));;
gap> h2 := Image(nat,Image(G3fpiso,(b^2*a)^12));;
gap> h3 := Image(nat,Image(G3fpiso,b*(a*b^2)^11*a*b));;
gap> h4 := Image(nat,Image(G3fpiso,(b*a*b*a*b)^6));;
gap> h5 := Image(nat,Image(G3fpiso,Comm(b^2,a)^6));;
gap> h6 := Image(nat,Image(G3fpiso,Comm(b,a)^6));;
gap> Subgroup(Image(nat),[h1,h2,h3,h4,h5,h6])=Image(nat);
true

To find the transversal for G(4)/C as listed in the proposition, we need to set up in
GAP

〈g1, g2〉 = G(4) ∼= SL(2, 5),
where g1 = (ba)24 and g2 = (b2a)24. We first map the elements (b*a)^24 and
(b^2*a)^24, which are elements in G3, to G3fp, and form a subgroup of G3fp
generated by their images. We then compute an isomorphism by generators to a
finitely presented group with generators g1 and g2 and find the required transversal.

gap> g1 := (b*a)^24;; g2 := (b^2*a)^24;;
gap> # Find subgroup generated by the images g1 and g2 in G3fp
gap> # and compute a finite presentation preserving the generators
gap> iso := IsomorphismFpGroupByGenerators(
> Subgroup(G3fp, [Image(G3fpiso,g1),Image(G3fpiso,g2)]),
> [Image(G3fpiso,g1),Image(G3fpiso,g2)],"g");;
gap> # Check we have the right group
gap> StructureDescription(Image(iso));



6 ROBERT FITZGERALD MORSE

"SL(2,5)"
gap> # List the transversal elements as given in the proposition
gap> Elements(RightTransversal(Image(iso),Centre(Image(iso))));;

We suppressed the output of the last command as it mimics verbatim the list of
elements found in the proposition. The following is a sample check to demonstrate
that the correspondence g1 = (ba)24 and g2 = (b2a)24 is maintained in our GAP
calculations, as claimed.

gap> # Compute the right cosets of G4/C in our isomorphic image of G4
gap> rcs := RightCosets(Image(iso),Centre(Image(iso)));;
gap> # Check (b*a)^24*((b^2*a)^24)^4*(b*a)^24 maps to the
gap> # correct coset
gap> Representative(First(rcs,
> rc->Image(iso,
> Image(G3fpiso,(b*a)^24*((b^2*a)^24)^4*(b*a)^24)) in rc));
g1*g2^4*g1

Finally, we show that (ab)24(ab2)48(ab)24(ab2)96(ab)96(ab2)96 generates the cen-
ter of G(4), as needed.

gap> c := (a*b)^24*(a*b^2)^48*(a*b)^24*(a*b^2)^96*(a*b)^96*
> (a*b^2)^96;;
gap> Subgroup(G3fp,[Image(G3fpiso,c)])=
> Centre(DerivedSubgroup(G3fp));
true

�

We conclude this section by finding the orders of three elements used in defining
LG. From Proposition 4 we see that (ab)12 , [a, b]6 and [a, b2]6 are elements of G(3).
We can compute their orders in G3fp as follows

gap> Order(Image(G3fpiso,(a*b)^12));
10
gap> Order(Image(G3fpiso,Comm(a,b)^6));
10
gap> Order(Image(G3fpiso,Comm(a,b^2)^6));
10

Hence |ab| = 120 and |[a, b]| = |[a, b2]| = 60.

3. Computing homological functors for G

The motivation for investigating a subnormal series for G in Section 2 is to
aid in the computation of the various groups related to G found in the following
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commutative diagram

(2)

0 0y y
H3(G) −−−−→ Γ(Gab)

ψ−−−−→ J2(G) −−−−→ H2(G) −−−−→ 0∥∥∥ ∥∥∥ y y
H3(G) −−−−→ Γ(Gab)

ψ−−−−→ G⊗G −−−−→ G ∧G −−−−→ 1

κ

y κ′

y
G′ G′y y
1 1

with exact rows and central extensions as columns [5]. The group Γ(Gab) is White-
head’s quadratic functor (see [5]), J2(G) is isomorphic to the third homotopy group
of the suspension of an Eilenberg-MacLane space of G, H2(G) and H3(G) are the
second and third integral homology groups of G, and G ⊗ G and G ∧ G are the
nonabelian tensor square and nonabelian exterior square of G, respectively.

The nonabelian tensor square of a group H is the group generated by the
symbols g ⊗ h for all g, h in H subject to the relations

gg′ ⊗ h = (gg′ ⊗ gh)(g ⊗ h) and g ⊗ hh′ = (g ⊗ h)(hg ⊗ hh′)

for all g, g′, h, h′ in H. The subgroup O(H) of H ⊗ H is the central subgroup
generated by the elements of h ⊗ h for all h ∈ H. The nonabelian exterior square
of H is defined as H ∧H = H ⊗H/O(H).

Finding the nonabelian tensor square is an important step in finding the other
groups in the commutative diagram. Using the definition above to compute the
nonabelian tensor square of the Rosenberger Monster would involve simplifying a
group presentation with 240 · 38 · 52 generators and 261 · 312 · 53 relations, which is
intractable by direct calculation. Another approach for computing the nonabelian
tensor square is the “crossed pairing” method, which has been used successfully for
computing the nonabelian tensor square of infinite groups. For some examples, see
[1], [2], [3] and [4]. The main drawback of this method for our application is that
the tensor square essentially needs to be known a priori. The crossed pairing is set
up with this “advance” knowledge, from which a proof that the group in question
really is the nonabelian tensor square can be completed.

Another approach involves a group construction due to Rocco [12]. Let H and
Hϕ be isomorphic groups via ϕ : h → hϕ. Define the group ν(H) by

ν(H) = 〈H,Hϕ | k[g, hϕ] = [kg,
(
kh

)ϕ
] = kϕ

[g, hϕ] for all g, h, k ∈ H〉.
The group ν(H) can also be found in the work of Ellis [6]. It is related to H ⊗H
in the following way.

Theorem 5 ([6],[12]). Let H be a group. The subgroup [H,Hϕ] of ν(H) is
isomorphic to H ⊗H.

The following theorem gives a different presentation of ν(H) that involves LH .
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Theorem 6 ([11]). Let H be a group generated by a set H. Then ν(H) =
H ∗Hϕ/〈J〉, where J is the normal generating set consisting of the elements

x[a, bϕ][xa, (xb)ϕ]−1, x
ϕ

[a, bϕ][xa, (xb)ϕ]−1

for all a, b in H and x in LH .

The presentation of ν(H) can be greatly simplified whenever H has a subnormal
series with many abelian factors. As noted in Section 2, this minimizes LH . For
G, the Rosenberger Monster, we can determine a presentation for ν(G) from the
results found in Section 2.

Proposition 7. Let G be the Rosenberger Monster with presentation (1). Then
ν(G) is the finitely presented group generated by a, b, aϕ and bϕ with relations

a2, b3, (abababab2ab2abab2ab2)2,

(aϕ)2, (bϕ)3, ((abababab2ab2abab2ab2)ϕ)2,
x[a, aϕ] = [xa, (xa)ϕ] = xϕ

[a, aϕ], x[a, bϕ] = [xa, (xb)ϕ] = xϕ

[a, bϕ],
x[b, aϕ] = [xb, (xa)ϕ] = xϕ

[b, aϕ] and x[b, bϕ] = [xb, (xb)ϕ] = xϕ

[b, bϕ]

for all x in LG.

To actually compute the subgroup [G, Gϕ] for ν(G) as presented in Proposition
7 seems difficult. The group ν(G) is not solvable since it contains an isomorphic
copy of G. We only know that ν(G) is finite [12].

It was stated in [10] and [9] that G is the central product of a solvable group
A and SL(2, 5), where the center of SL(2, 5) is amalgamated with a subgroup of
the center of A. Specifically, G is equal to a quotient of A × SL(2, 5) by a cyclic
subgroup of order 2. Since G is a homomorphic image of A × SL(2, 5), it follows
that the nonabelian tensor square of G is a homomorphic image of

(A× SL(2, 5))⊗ (A× SL(2, 5))

(Proposition 1, [5]). By Proposition 11 of [5], we have

(A× SL(2, 5))⊗ (A× SL(2, 5))

= (A⊗A)× (A⊗ SL(2, 5))× (SL(2, 5)⊗A)× (SL(2, 5)⊗ SL(2, 5)),

where SL(2, 5)⊗A and A⊗ SL(2, 5) are ordinary tensor products.
Since SL(2, 5) is perfect, the Schur cover of SL(2, 5) is unique and equal to

SL(2, 5)⊗ SL(2, 5) (Corollary 1, [5]). Hence, using the following GAP commands
gap> SC := SchurCover(SL(2,5));;
gap> StructureDescription(SC);
"SL(2,5)"

shows SL(2, 5)⊗ SL(2, 5) = SL(2, 5).
So finding the tensor square of A× SL(2, 5) reduces to finding A⊗A. Since A

is solvable, ν(A) is also solvable [12]. The question is whether we are able to find
a polycyclic presentation for ν(A). Once such a presentation is found, it is easy
to compute [A,Aϕ]. The author was unable to find a polycyclic presentation for
ν(A) using the Solvable Quotient (SQ) algorithm found in GAP or using an exper-
imental polycyclic quotient algorithm. The computational tractability of finding
a polycyclic presentation is in part related to the presentation the algorithms are
given. Finding A⊗A is possible but it may take a combination of hand calculations
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and computer assisted work. These hand calculations use a commutator calculus
related to the subgroup [A,Aϕ]. A full treatment of these techniques will be the
topic of a future publication.

We conclude with a description of A and Â, the largest solvable subgroup in
G.

Proposition 8. Let G be the Rosenberger Monster with presentation (1). The
subgroups

Â = 〈a, (ba)b, (ba)b
2
〉 and A = 〈a, b · [a, b2], b2 · [a, b2] · [a, b]2, b2 · (ab)12〉

are solvable subgroups of G of index 5 and 60, respectively. Moreover, the group Â
is the largest solvable subgroup of G and G is the central product of A and G(4).

Proof. We first show that Â and A have the proper indices in G.

gap> Ahat := Subgroup(G, [a, (b^a)^b, (b^a)^(b^2)]);;
gap> Index(G,Ahat);
5
gap> A := Subgroup(G,[a,b*Comm(a,b^2), b^2*Comm(a,b^2)*Comm(a,b)^2,
> b^2*(a*b)^12]);;
gap> Index(G,A);
60

It follows from the order of G that |Â| = 220 ·34 and |A| = 218 ·33. We compute
a solvable quotient for both Â and A of these exact orders.

gap> # Obtain a finite presentation for Ahat and A
gap> Ahatfp := Image(IsomorphismFpGroup(Ahat));;
gap> Afp := Image(IsomorphismFpGroup(A));;
gap> # Show these groups are solvable by finding a solvable
gap> # quotient of each group with the same order
gap> Ahatpc := Image(
> EpimorphismSolvableQuotient(Ahatfp,2^20*3^4));;
gap> Collected(Factors(Size(Ahatpc)));
[ [ 2, 20 ], [ 3, 4 ] ]
gap> Apc := Image(EpimorphismSolvableQuotient(Afp,2^18*3^3));;
gap> Collected(Factors(Size(Apc)));
[ [ 2, 18 ], [ 3, 3 ] ]

Hence Â and A are solvable subgroups, as needed.
To see that Â is the largest solvable subgroup of G, we show that any other

subgroup with smaller index contains the nonsolvable subgroup G(3).

gap> # Find all subgroups with index 4 or less.
gap> lws := Filtered(LowIndexSubgroupsFpGroup(G,4),
> x->Index(G,x)in [2,3,4]);;
gap> ForAll(lws, x->IsSubgroup(x,G3));
true

In Proposition 4 we showed that 〈(ba)24, (b2a)24〉 = G(4) and we identified the
generator of C as the GAP variable c. We show that A ∩ G(4) = C and that
〈A,G(4)〉 = G, as needed.
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gap> # c is in A
gap> c in A;
true
gap> # Show the subgroup generated by A and G4 is all of G
gap> Index(G, Subgroup(G, Concatenation(GeneratorsOfGroup(A),
> [(b*a)^24,(b^2*a)^24])));
1
gap> I := Intersection(A,G3);;
gap> GeneratorsOfGroup(I);;
gap> S := Subgroup(G3fp, List(GeneratorsOfGroup(I),
> x->Image(G3fpiso,x)));;
gap> Ifp := Intersection(S,DerivedSubgroup(G3fp));;
gap> Size(Ifp);
2
gap> Ifp = Centre(DerivedSubgroup(G3fp));
true

�
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