
ON COMMUTATORS IN p-GROUPS
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Abstract. For a given prime p, what is the smallest integer n such
that there exists a group of order pn in which the set of commutators
does not form a subgroup? In this paper we show that n = 6 for any
odd prime and n = 7 for p = 2.

1. Introduction

In 1898, G.A. Miller [12] introduced the commutator subgroup G′ of a
group G as the subgroup generated by K(G) = {[a, b] : a, b ∈ G}, the set of
commutators of G. According to Miller, commutators [a, b] = a−1b−1ab were
introduced by Dedekind a few years earlier. In general, it is not true that a
subgroup is equal to its set of generators, and in this respect, the commutator
subgroup should be no different. Because of their relatively uncomplicated
structure, the finite groups of small order with which we are familiar contain
no examples where G′ contains non-commutators. In the literature, the
earliest example of such a group appears in a 1902 paper by Fite [5], where
a group of order 256 is given with this property. Another example, also a
group of order 256 and more commonly cited in the literature, appears in
Carmichael’s textbook [3].

The following question then arises: What is the smallest group order for
which there exists a group G with the property that the commutators do
not form a subgroup? In [11], MacHale states 47 conjectures known to be
false and asks for minimal counterexamples. Among these is the conjecture
that the set of commutators always forms a subgroup. To the best of our
knowledge, no answer to this question appears in the literature. A group of
order 96 can be found in [4] but no claim that it is a minimal counterexample
is made. It can be easily verified using GAP [6] that this group is indeed of
minimal order by enumerating all groups in successive order and checking
whether or not the set of commutators forms a subgroup. In fact, there are
two groups of order 96 in which K(G) 6= G′. However, using GAP provides
no insight as to why the set of commutators does not form a subgroup. In
a forthcoming publication [9], we will show that G′ = K(G) for all groups
G of order less than 96 using traditional group theoretic methods.

The topic of this paper arose out of [9] and concerns minimal counterex-
amples in p-groups for which K(G) 6= G′. Specifically, we give a complete
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answer to the following question: For a given prime p, what is the small-
est integer n such that there exists a group of order pn in which the set of
commutators does not form a subgroup? The examples in [5] and [3] yield
n ≤ 8 for p = 2. In [10], Macdonald constructs groups of order p8, where p
is any prime, in which K(G) is not a subgroup. Thus we must have n ≤ 8
for all primes p. In this paper we will show that n = 6 for odd primes and
n = 7 for p = 2.

After stating some sufficient conditions for K(G) = G′ in the next section,
we will show in Sections 3 and 4 that the commutators form a subgroup
in groups of order pn, n ≤ 5, p an odd prime, and of order 2n, n ≤ 6,
respectively. The final section of the paper is devoted to the construction of
minimal counterexamples. We construct three classes of p-groups, all having
the property that G′ 6= K(G): one each for p ≥ 5, p = 3 and p = 2. We
then show that each of the classes contains groups of order p6, 36 and 27,
respectively.

The counterexamples of order 27 and 36 were originally found through
the GAP library of small groups [1]. To obtain counterexamples of order
p6, p ≥ 5, we first constructed a metabelian 5-group of exponent 5, order
56 and class 4. Using GAP, we enumerated the set of commutators for this
group and verified it was strictly contained in the derived subgroup. Using
this group as a guide, we generalized its construction to obtain a metabelian
p-group of exponent p, order p6 and class 4 for p ≥ 5 such that K(G) 6= G′.

Our notation is standard. We list here various formulas and definitions
used throughout this paper without further reference. Let x, y, z ∈ G and
w ∈ G′. The familiar commutator expansion formulas are

[xy, z] = [x, z]y[y, z] and [x, yz] = [x, z][x, y]z.

For a metabelian group we have [w, x, y] = [w, y, x] and the Jacobi identity
reduces to 1 = [x, y, z][z, x, y][y, z, x]. Following [8], we say a finite abelian
p-group G has type (pn1 , pn2 , . . . , pnk) if G is the direct product of cyclic
groups of order pni , i = 1, . . . , k, with n1 ≥ n2 ≥ · · · ≥ nk.

2. Some Sufficient Conditions

In this section we state various sufficient conditions implying that the
commutators form a subgroup. There are very few such results. The most
useful so far seems to be the following.

Theorem 2.1. [16] Suppose a group G contains a normal abelian subgroup
with cyclic factor group. Then G′ = K(G).

In [14] and [15] several other sufficient conditions can be found. We quote
those relevant in our context.

Theorem 2.2. [15] The following two conditions on a group G imply G′ =
K(G):

(i) G is nilpotent of class two and the minimal number of generators of
G′ does not exceed three;
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(ii) G′ is elementary abelian of order p3.

Theorem 2.3. [14] If G is nilpotent and G′ is cyclic, then G′ = K(G).

In [15] it is established that G′ = K(G) for G′ ∼= Cp × Cp under the
hypothesis that G′ is the Sylow p-subgroup of the group. This is never
satisfied in a p-group. We will show as part of the next theorem that in a
p-group, G′ ∼= Cp × Cp always implies K(G) = G′.

Theorem 2.4. Let G be a finite p-group with G′ elementary abelian of rank
less than or equal to 3. Then K(G) = G′.

Proof. If G′ has rank 1 or 3, the result follows from Theorem 2.3 and (ii)
of Theorem 2.2. Now suppose G′ ∼= Cp × Cp. If cl(G) = 2, then the result
follows by (i) of Theorem 2.2. Thus we can assume that cl(G) = 3. We claim
that we can assume G = 〈a, b〉. Suppose otherwise. Then [x, y, y] = 1 for
all x, y ∈ G and thus G is a 2-Engel group, p = 3 and the minimal number
of generators of G is less than or equal to 3. But in this case |G′| > 32, a
contradiction.

We have now G′ = 〈[a, b], [a, b, a], [a, b, b]〉. We must have γ3(G) ∼= Cp,
since otherwise γ3(G) = γ2(G), a contradiction. If [a, b, a] = 1 or [a, b, b] = 1,
our claim follows by Theorem 2.1. Otherwise, we have [a, b, a] = [a, b, b]j

with j 6≡ 0 mod p. Obviously, G = 〈ab−j , b〉 and [ab−j , b, ab−j ] = 1. Apply-
ing Theorem 2.1 again leads to the desired result. �

We note that the restriction on the rank is best possible since there are
groups with G′ an elementary abelian p-group of rank 4 with K(G) 6= G′

(see [10] or the example in the last section).

3. Groups of Order pn, n ≤ 5

In this section we will show that in any group of order pn, n ≤ 5, where
p is an odd prime, the set of commutators forms a subgroup. These groups
are metabelian by [13]. We start with expansion formulas for metabelian
groups to be used throughout the rest of the paper.

Lemma 3.1. [7] Let G be a metabelian group and n a positive integer. Then
for all v, w ∈ G

[v, wn] =
n∏

i=1

[v, w, . . . , w︸ ︷︷ ︸
i

](
n
i),(3.1.1)

(vw−1)n = vn

 ∏
0<i+j<n

[v, w, . . . , w︸ ︷︷ ︸
i

, v, . . . , v︸ ︷︷ ︸
j

](
n

i+j+1)

 w−n.(3.1.2)

The following two propositions consider one abelian type for G′ not cov-
ered in the previous section, namely (p2, p). As we will show, this type only
occurs if p = 3.
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Proposition 3.2. Let p be a prime with p ≥ 5. There exists no group of
order p5 having a commutator subgroup of type (p2, p).

Proof. Assume there exists a group G with |G| = p5 and G′ ∼= Cp2 × Cp.
Then G/G′ ∼= Cp × Cp and G = 〈a, b〉. Since p ≥ 5, it follows that G is
regular and thus G[p] = {g ∈ G | gp = 1} as well as G(p) = {gp | p ∈ G} are
(normal) subgroups of G. If |G[p]| ≥ p3, then G/G[p] is abelian, and hence
G′ ⊆ G[p], a contradiction. It follows Cp × Cp

∼= G[p] ≤ G′. By III.10.7
in [8] we have |G/G[p]| = |G(p)|, and therefore |G(p)| = p3. Since obviously
G(p) ≤ G′, it follows G′ = G(p). Suppose next h ∈ G and h has order p2. By
the above it follows that there exists x ∈ G with h = xp. Then for any y ∈ G
we obtain hy = (x[x, y])p, and regularity yields hy = xp[x, y]pzp for some
z ∈ G. Thus [x, y]pzp ∈ (G′)p = 〈hp〉 and we conclude hy ∈ 〈h〉. It follows
〈h〉 / G and G′ = 〈[a, b]〉, a contradiction, since G′ is not cyclic. So [a, b] has
order p and [a, b] ∈ G[p]. Thus G′ = [a, b]G ≤ G[p], another contradiction,
since G/G[p] is not abelian. �

Proposition 3.3. If G is a group of order 35 with G′ having type (9, 3),
then K(G) = G′.

Proof. For order reasons we can assume G = 〈a, b〉, a3, b3 ∈ G′ and cl(G) ≤
4. This together with (3.1.1) yields exp γ3(G) = 3, since [[x, y], a3] =
[[x, y], b3] = 1 for x, y ∈ G. If 〈[a, b]〉 / G, it follows G′ is cyclic. Hence we
can assume that G′ = 〈[a, b]〉 × 〈[a, b, a]〉 with |[a, b]| = 32 and |[a, b, a]| = 3.
Since a3 ∈ G′, we have

(3.3.1) a3 = [a, b]α[a, b, a]β

for integers α and β.
Assume that cl(G) ≤ 3. Then commuting (3.3.1) by a yields [a, b, a]α = 1,

hence α ≡ 0 mod 3. Commuting (3.3.1) by b leads to [a3, b] = 1. Expan-
sion of [b, a3] by (3.1.1) together with exp γ3(G) = 3 leads to 1 = [b, a]3, a
contradiction. Hence G has class 4. If [a, b, a, a] = 1, it can be shown that
cl(G) = 3. Thus we can assume [a, b, a, a] 6= 1. Commuting (3.3.1) twice by
a yields α ≡ 0 mod 3. Subsequently, commuting (3.3.1) once by a leads to
β ≡ 0 mod 3. Thus, after commuting (3.3.1) by b, we obtain [a3, b] = 1.
Expansion of [b, a3] together with exp γ3(G) = 3 yields [a, b, a, a] = [a, b]−3.
It can be verified that each element of G′ can be represented by a commu-
tator of the form [a, x] or [x, a], where x = bε[a, b]γ [a, b, a]δ, ε = 0, 1 and
γ, δ = 0, 1, 2, with suitable choices for ε, γ, and δ. �

We are ready now to prove the main result of this section.

Theorem 3.4. Let p be an odd prime and G a group of order pn, n ≤ 5.
Then G′ = K(G).

Proof. By [13], all groups as given in the assumption are metabelian. The
order bound on G yields |G′| = pm, m = 1, 2, 3, where m = 3 can only occur
if |G| = p5. The possible types for G′ are (p), (p2), (p3), (p, p), (p, p, p) or
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(p2, p). If G′ is cyclic, our result follows from Theorem 2.3, and if G′ has
type (p, p) or (p, p, p), the claim follows from Theorem 2.4. In the remaining
case that G′ has type (p2, p), then |G| = p5. Proposition 3.2 implies p = 3,
and by Proposition 3.3 we obtain that K(G) = G′ as needed. �

4. Groups of Order 2n, n ≤ 6

The goal of this section is to show that in any group of order 2n, n ≤ 6, the
set of commutators forms a subgroup. By [13], such groups are metabelian.
Thus it suffices to deal with all the potential types of the commutator sub-
group. Due to a result of Blackburn [2], many types do not occur. However,
we still have to deal with the case where G′ has type (4, 2). It is quite in-
volved which is no surprise in view of the fact that 64 of the 267 groups of
order 64 have this type for their commutator subgroup.

Proposition 4.1. Let G be a group of order 64 with G′ having type (4, 2).
Then K(G) = G′.

Proof. Our assumptions imply that G/G′ has type (4, 2) or (2, 2, 2). Assume
first that G/G′ has type (4, 2). Then G = 〈a, b〉 and a4, b2 ∈ G′ and cl(G) ≤
4. Let G′ ∼= A = 〈x〉 × 〈y〉 with |x| = 4 and |y| = 2. We observe that
Aut(A) = 〈σ, ρ〉 ∼= D4, the dihedral group of order 8, with xσ = xy, yσ = y
and xρ = xy, yρ = yx2. Without loss of generality we can assume x = [a, b].

Assume first that the action of a on G′ has order 4. Then a acts like ρ
or ρ3 on G′. If a acts like ρ, then [a, b]a = [a, b]y and hence y = [a, b, a]. It
follows [a, b, a]a = [a, b, a][a, b]2, and consequently [a, b, a, a] = [a, b]2. The
remaining elements of G′ not yet identified as commutators can be written
as elements of K(G) as follows: [a, b][a, b, a] = [a, ba], [a, b]3[a, b, a] = [ba, a]
and [a, b]2[a, b, a] = [a, ba, a]. If a acts like ρ3 on G′, then [a, ba]a = [a, ba]y.
Introducing new generators a′ = a and b′ = ba, then a′ acts like ρ on G′,
reducing this case to the previous one.

Now let a2 ∈ CG([a, b]). Observing 1 = [[x, y, z], a2] = [[x, y, z], b2] and
cl(G) ≤ 4 leads to exp γ4(G) ≤ 2. Assume |[a, b, b]| = 4, then [a, b]2 =
[a, b, b]2. Commuting by b yields [a, b, b]2 = 1, a contradiction. If |[a, b, a]| =
4, we arrive at a similar contradiction. We conclude exp γ3(G) = 2. This
together with 1 = [[a, b], a2] = [[a, b], b2] = [a2, b2] and expansion by (3.1.1)
leads to 1 = [b, a, a, a] = [a, b, b, b][a, b, b, a]. Hence cl(G) = 3.

Assume first b2 6∈ Z(G). Since b2 ∈ G′, we have b2 = [a, b]±1h with
h ∈ γ3(G). Commuting by b leads to 1 = [a, b, b] and thus 〈b, G′〉 is an
abelian normal subgroup of G with cyclic factor group. It follows from
Theorem 2.1 that K(G) = G′.

Now assume b2 ∈ Z(G). If in addition a2 ∈ Z(G), then [a, b, a], [a, b, b] ∈
〈[a, b]〉 and G′ is cyclic, a contradiction.

Thus we can assume a2 6∈ Z(G). We have [a, b, b] = [a, b]2 and b acts like
ρ2 on G′. Furthermore, a acts like σ or σρ2 on G′. If a acts like σ, then
[a, b, a] = y, [a, ba] = [a, b][a, b, a] and [a, ab, ab] = [a, b]2[a, b, a]. It follows
K(G) = G′. If a acts like σρ2 on G′, then [ba, b]ba = [ba, b]y. Introducing
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new generators a′ = ba and b′ = b, then a′ acts like σ on G′, reducing this
case to the previous one.

Finally, let G/G′ have type (2, 2, 2). For order reasons it follows G =
〈a, b, c〉 and a2, b2, c2 ∈ G′. We have cl(G) > 2, since G′ central implies
exp(G′) = 2, a contradiction. Without loss of generality we can assume
|[a, b]| = 4. Consider H = 〈a, b〉. We must have H ′ = 〈[a, b]〉, since otherwise
H would have order 32 with a noncyclic commutator subgroup of order 8,
contradicting Theorem 2.1 in [2].

Let A = 〈[a, b], [a, c], [b, c]〉, then G′ = AG, the normal closure of A in
G. Since rankG′ = 2, it follows rankA ≤ 2. If rankA = 1, then [a, c],
[b, c] ∈ H ′ and G′ = [a, b]G. We claim [a, b]G = H ′, which is a contradiction,
since G′ is not cyclic. It remains to be shown that [a, b]c ∈ H ′. Since [a, c]b,
[b, c]a ∈ H ′ by the above, it follows [a, b, c] ∈ H ′ by the Jacobi identity.
We conclude [a, b]c ∈ H ′. Thus we can assume rankA = 2 and without
loss of generality A = 〈[a, b], [a, c]〉 and AG = A = G′. If |[a, c]| = 2, then
G′ = 〈[a, b]〉 × 〈[a, c]〉. Suppose |[a, c]| = 4. Choosing new generators a′ = a,
b′ = b and c′ = bc, it can be shown |[a′, b′]| = 2 and G′ = 〈[a′, b′], [a′, c′]〉.
Relabeling the generators as a, b, c, we can assume without loss of generality
that G′ = 〈[a, b]〉 × 〈[a, c]〉.

We are now ready to show G′ = K(G). Observing that [a, b]3[a, c] is the
inverse of [a, b][a, c], it suffices to show that u = [a, b]2, v = [a, b][a, c] and
w = [a, b]2[a, c] can be expressed as commutators. Since 〈a, b〉′ = 〈[a, b]〉, it
follows that a and b can only act like ε, ρ2, σρ, σρ3 on G′. Depending on
the action of a, we have u = [a, b, a] or [b, a2]. If b acts like ε or ρ2, then
v = [a, cb], and if b acts like σρ, or σρ3, then v = [cb, a].

It remains to be shown that w ∈ K(G). If a acts like ρ2 or σρ3, then
w = [a, c[a, b]], and if a acts like σρ, then w = [a, ca]. Furthermore, if b acts
like ε or σρ, then w = [a, cb2] and if b acts like σρ3, then w = [ab, cb]. Thus
we can assume b = ρ2, and hence [a, c, b] = 1. Since we can assume a = ε, it
follows [b, c, a] = 1. The Jacobi identity now yields [a, b, c] = 1. This implies
that c acts like ε or σρ on G′. In case c = σρ, we have w = [ac, c]. For the
remaining case in which a and c act trivially and b = ρ2, we have to consider
the value of [b, c]. It can be easily verified that for [b, c] = [a, b]α[a, c]β with
α = 0, 1, 2, 3 and β = 0, 1 we have w = [bx, caα+2], where for β = 1, x = 1,
and for β = 0, x = a if α is even and x = c if α is odd. �

Now we are ready to prove the main result of this section.

Theorem 4.2. Let G be a group of order 2n, n ≤ 6. Then K(G) = G′.

Proof. By [13], all groups of order 2n, n ≤ 6, are metabelian. The order
bound on G yields |G′| = 2m, m = 1, 2, 3, 4. If G′ is cyclic, the claim follows
from Theorem 2.3. By Theorem 2.1 in [2] it follows that a 2-group has a
cyclic commutator subgroup, whenever G/G′ ∼= C2 × C2. This implies that
G′ can be non-cyclic only if n = 5 or 6. It follows that for |G| = 32, the
commutator subgroup can only have type (2, 2). If |G| = 64, the possible
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types for G′ are (2, 2), (2, 2, 2) and (4, 2). If G′ is elementary abelian of
rank 2 or 3, the claim follows from Theorem 2.4. In the case |G| = 64 and
G′ ∼= C4 × C2, Proposition 4.1 gives the desired result. �

5. Minimal Counterexamples

In this section we construct three classes of p groups each having the
property that G′ 6= K(G). Within these classes of groups, we obtain specific
groups of order p6, p ≥ 5, 36, and 27 which are minimal counterexamples for
when G′ 6= K(G). We start with a lemma about commutator expansions.

Lemma 5.1. Let G = 〈a, b〉 be a group of nilpotency class 4 with [b, a, b] ∈
Z(G), and let x, y ∈ G with

x = aαbβ[b, a]γ [b, a, a]δc and y = aα′
bβ′

[b, a]γ
′
[b, a, a]δ

′
c′,

where c, c′ ∈ G′ ∩Z(G) and α, α′, β, β′, γ, γ′, δ, and δ′ are integers. Then

[x, y] = [b, a]λ[b, a, a]µ[b, a, b]ν [b, a, a, a]ρ

with

λ = α′β − αβ′, µ = α′γ − αγ′ + β
(
α′

2

)
− β′

(
α
2

)
,

ν = β′γ − βγ′ + ββ′(α′ − α) + α′
(
β
2

)
− α

(
β′

2

)
, and

ρ = α′δ − αδ′ + γ
(
α′

2

)
− γ′

(
α
2

)
+ β

(
α′

3

)
− β′

(
α
3

)
.

Proof. We observe that G is a metabelian 2-generator group of class 4. Using
standard commutator expansion and applying (3.1.1) repeatedly, we arrive
at the desired expression for [x, y] after collecting terms. �

Our next lemma is the key to showing that certain elements in the com-
mutator subgroup are not commutators for the groups in question.

Lemma 5.2. Let p be an odd prime and α, α′, β, β′, γ, γ′ integers. If the
6-tuple (α, α′, β, β′, γ, γ′) is a solution to the system of congruences

α′β − αβ′ ≡ 0 mod p

α′γ − αγ′ + β
(
α′

2

)
− β′

(
α
2

)
≡ 0 mod p

β′γ − βγ′ + ββ′(α′ − α) + α′
(
β
2

)
− α

(
β′

2

)
≡ 1 mod p,

(5.2.1)

then α ≡ α′ ≡ 0 mod p.

Proof. Let u = β′
(
α
2

)
−β

(
α′

2

)
and v = β′βα−ββ′α′+α

(
β′

2

)
−α′

(
β
2

)
+1. Then

the system (5.2.1) can be written as

(5.2.2)


α′β ≡ αβ′ mod p

α′γ − αγ′ ≡ u mod p

β′γ − βγ′ ≡ v mod p.
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Multiplying the second congruence in (5.2.2) by β and the third by α, and
then taking the difference leads to

βu− αv ≡ βα′γ − βαγ′ − αβ′γ + αβγ′ ≡ (α′β − αβ′)γ ≡ 0 mod p.

On the other hand, using the explicit definition of u and v, and α′β ≡ αβ′

mod p to simplify terms, we arrive at 2(uβ − vα) ≡ −2α mod p. Since p is
odd, this yields −2α ≡ 0 mod p. We conclude α ≡ 0 mod p.

Now assume α′ 6≡ 0 mod p. Then α′β ≡ αβ′ mod p implies β ≡ 0
mod p and thus u ≡ 0 mod p and v ≡ 1 mod p. The system (5.2.2) reduces
to α′γ ≡ 0 mod p and β′γ ≡ 1 mod p, a contradiction, since α′ 6≡ 0 mod p
yields γ ≡ 0 mod p and β′γ ≡ 0 mod p. �

Although it is not needed in the sequel, it can be shown that the converse
of Lemma 5.2 is also true. We now construct a class of p-groups, p ≥ 5, in
which the set of commutators does not form a subgroup.

Proposition 5.3. Let p ≥ 5 be a prime and H = 〈a, b〉 be a nilpotent group
of class exactly 4 with [b, a, b] ∈ Z(H) and exp(H ′) = p. Then K(H) 6= H ′.

Proof. Since H is a 2-generator group of class 4, H is metabelian. We
claim now that [b, a, b][b, a, a, a] is not a commutator. By Lemma 5.1 this is
equivalent to showing that the following set of congruences has no solutions
in integers α, α′, β, β′, γ, γ′, δ, and δ′:

(5.3.1)


α′β − αβ′ ≡ 0 mod p,

α′γ − αγ′ + β
(
α′

2

)
− β′

(
α
2

)
≡ 0 mod p,

β′γ − βγ′ + ββ′(α′ − α) + α′
(
β
2

)
− α

(
β′

2

)
≡ 1 mod p,

γ
(
α′

2

)
− γ′

(
α
2

)
+ β

(
α′

3

)
− β′

(
α
3

)
+ δα′ − αδ′ ≡ 1 mod p.

By Lemma 5.2, if the subsystem consisting of the first three congruences
of (5.3.1) is solvable, then α ≡ α′ ≡ 0 mod p. However, the left side of
the last congruence of (5.3.1) is congruent to zero modulo p for α ≡ α′ ≡ 0
mod p. It follows that the system (5.3.1) is not solvable. �

As a corollary, we obtain that the smallest order of a group described in
the preceding proposition is p6.

Corollary 5.4. Let p ≥ 5 be a prime. Then there exists a group G of order
p6 such that K(G) 6= G′.

Proof. Let V = 〈u〉 × 〈v〉 × 〈w〉 × 〈z〉 be an elementary abelian p-group of
rank 4. Let B = V o 〈b〉, the semidirect product of V with a cyclic group
〈b〉 of order p. The defining relations of B are those of V and

bp = 1, [u, b] = w, and [v, b] = [w, b] = [z, b] = 1.

Similarly, let G = B o 〈a〉 be the semidirect product of B with a cyclic
group 〈a〉 of order p. The defining relations of G are those of B and

[b, a] = u, [u, a] = v, [v, a] = z, ap = [w, a] = [z, a] = 1.
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It can be verified that G has order p6, class 4, and exp(G) = p for p ≥ 5.
Furthermore, u = [b, a], v = [b, a, a], w = [b, a, b] and z = [b, a, a, a]. Thus G
satisfies the conditions of Proposition 5.3. We conclude K(G) 6= G′. �

For 3-groups we have to modify our construction slightly to find a class
of groups where G′ 6= K(G).

Proposition 5.5. Let H = 〈a, b〉 be a nilpotent group of class exactly 4 with
a3, b9, [b, a, b] ∈ Z(H). Then K(H) 6= H ′.

Proof. Since H is a 2-generator group of class 4, H is metabelian. By
hypothesis [b, a, b] ∈ Z(H). It follows [b, a, b, b] = [b, a, b, a] = 1, and hence
γ4(H) = 〈[b, a, a, a]〉. Observing a3 ∈ Z(H), (3.1.1) leads to

(5.5.1) 1 = [b, a]3[b, a, a]3[b, a, a, a].

We obtain [b, a, a, a]3 = [b, a, a]3 = [b, a, b]3 = 1 by commuting (5.5.1) twice
by a and once each by a and b, respectively. Hence

(5.5.2) 1 = [b, a]3[b, a, a, a].

Now b9 ∈ Z(H) together with (3.1.1) and exp γ3(H) = 3 yields [a, b]9 = 1.
If [a, b]3 = 1, it follows by (5.5.2) that [b, a, a, a] = 1, a contradiction, since
cl(H) = 4. We conclude that [a, b] has order 9.

We claim now that [b, a, b][b, a, a, a] is not a commutator in H. By Lemma
5.1 and (5.5.2) this is equivalent to showing that the following system of
congruences is not solvable:

(5.5.3)


α′β − αβ′ − 3Γ ≡ 3 mod 9,

α′γ − αγ′ + β
(
α′

2

)
− β′

(
α
2

)
≡ 0 mod 3,

β′γ − βγ′ + ββ′(α′ − α) + α′
(
β
2

)
− α

(
β′

2

)
≡ 1 mod 3,

with Γ = γ
(
α′

2

)
− γ′

(
α
2

)
+ β

(
α′

3

)
− β′

(
α
3

)
+ δα′ − αδ′. Assume to the contrary

that (5.5.3) is solvable. It follows that the above system is solvable modulo
3, i.e. (5.5.3) is solvable where the first congruence of (5.5.3) is replaced by

(5.5.4) α′β − αβ′ ≡ 0 mod 3.

The resulting system is exactly the system (5.2.1) for p = 3. By Lemma
5.2 this system is solvable if and only if α ≡ α′ ≡ 0 mod 3. We have to
show that none of these solutions modulo 9 satisfies the first congruence of
(5.5.3). The one solution α ≡ α′ ≡ 0 mod 3 results in nine solutions modulo
9, namely α ≡ 0, 3, 6 mod 9 and α′ ≡ 0, 3, 6 mod 9, respectively. It can be
verified that for any of the nine cases the left side of the first congruence
of (5.5.3) is congruent to zero modulo 9. We conclude that (5.5.3) is not
solvable. �

Corollary 5.6. There exists a group G of order 36 such that K(G) 6= G′.

Proof. Consider the abelian group W = 〈u〉 × 〈v〉 × 〈w〉, where u has order
9, and v and w each have order 3, thus |W | = 34. The group G will be
constructed by two split extensions starting with W . Let A = W o 〈a〉
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be the semidirect product of W with the cyclic groups 〈a〉 ∼= C3, where a
induces an automorphism of order 3 on W . The action of a on the generators
of W is given as follows:

(5.6.1) [u, a] = v, [v, a] = u6, and [w, a] = 1.

The defining relations of A are those of W , (5.6.1), and a3 = 1. We observe
|A| = 35.

Let G = A o 〈c〉 be the semidirect product of A with the cyclic group
〈c〉 ∼= C3, where c induces an automorphism of order 3 on A. The action of
c on the generators of A is given as follows:

(5.6.2) [a, c] = uw−1, [u, c] = vw−1, [v, c] = u6, and [w, c] = 1.

The defining relations of G are those of A, (5.6.2), and c3 = 1. We observe
|G| = 36.

The verification of the claims leading to the construction of G is for the
most part straightforward but lengthy. Here we will only verify that (ac)3 =
1. By (5.6.2) we have ac = auw−1. Using (3.1.2) we obtain

(ac)3 = (a(u−1w)−1)3 = [a, u−1w](
3
2)[a, u−1w, u−1w][a, u−1w, a]u3.

Now [a, u−1w] = v and [a, u−1w, a] = u6. This together with the above
yields (ac)3 = v3u6u3 = 1, proving our claim.

Next we show W = G′. We observe G′ ≤ W , since G/W = 〈aW, cW 〉 ∼=
C3×C3, hence abelian. On the other hand, v = [u, a] ∈ G′, vw2 = [u, c] ∈ G′,
and uw−1 = [a, c] ∈ G′. As a consequence we obtain u, v, w ∈ G′. Since
W = 〈u, v, w〉, it follows W ≤ G′, proving our claim.

To apply Proposition 5.5, we have to choose new generators for G, namely
G = 〈a, b〉 with b = c−1a. Straightforward expansion together with the re-
lations of G lead to [b, a, b] = [c−1a, a, c−1a] = w. Furthermore, uw−1 =
[a, c] = [a, ab−1] = [b, a][b, a, b]−1. By the above this yields [b, a] = u.
This implies [b, a, a] = [u, a] = v and [b, a, a, a] = [v, a] = u6. Therefore
[b, a, a, a][b, a]3 = 1, and (5.5.2) is satisfied. Since [w, a] = [w, b] = 1, we have
[b, a, b] ∈ Z(G). This together with the above implies γ4(G) = 〈[b, a, a, a]〉
and G has class 4 precisely. Obviously a3 ∈ Z(G), since a3 = 1. Finally,
with the help of (3.1.2) we obtain 1 = c−3 = (ba−1)3 = b3u3vw. Thus 1 6=
b3 = u6v2w2, and consequently, b9 = 1 and hence b9 ∈ Z(G). We conclude
that G satisfies the assumptions of Proposition 5.5, thus G′ 6= K(G). �

We observe here that the group G of Corollary 5.6 cannot be obtained as a
split extension of A by 〈b〉, since A∩〈b〉 is nontrivial. A similar phenomenon
occurs when constructing the minimal counterexample for p = 2. But first,
since our groups have three generators, we need an expansion formula for
this case.

Lemma 5.7. Let H = 〈a, b, c〉 be a nilpotent group of class 3 with γ3(H) =
〈[a, b, b]〉 and H ′ = 〈[a, b], [a, c], [b, c], [a, b, b]〉. Then for x, y ∈ H we have

[x, y] = [a, b]λ[a, c]µ[b, c]ν [a, b, b]ρ
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with λ = β′α−βα′, µ = αγ′−α′γ, ν = βγ′−β′γ, and ρ = δβ′−δ′β+αββ′−
α′ββ′ + α

(
β′

2

)
− α′

(
β
2

)
, where x = aαbβcγ [a, b]δz and y = aα′

bβ′
cγ′

[a, b]δ
′
z′

with α, α′, β, β′, γ, γ′, δ, δ′ integers and z, z′ ∈ Z(H).

Proof. Since H has class 3, it follows that H is metabelian. Using standard
commutator expansion and applying (3.1.1) repeatedly, we arrive at the
desired expression for [x, y] after collecting terms. �

Proposition 5.8. Let H = 〈a, b, c〉 be a group of class 3 precisely. If a4,
b2, c2, [a, c], [b, c] and (ab)2 ∈ Z(H), then K(H) 6= H ′.

Proof. Since b2 ∈ Z(H), (3.1.1) implies

(5.8.1) 1 = [a, b]2[a, b, b].

We obtain [a, b, a]2 = [a, b, b]2 = 1 by commuting (5.8.1) with a and b re-
spectively. Furthermore, c2 ∈ Z(H) together with [a, c] and [b, c] ∈ Z(H)
implies [a, c]2 = [b, c]2 = 1.

Next we claim that γ3(H) = 〈[a, b, b]〉. The class restriction on H implies
γ3(H) = 〈[x, y, z] | x, y, z ∈ {a, b, c}〉. Since [a, c], [b, c] ∈ Z(H), it follows
[a, c, x] = [b, c, x] = 1 for x ∈ {a, b, c}. This together with the Jacobi identity
leads to [a, b, c] = 1. Since (ab)2 ∈ Z(G), we have 1 = [(ab)2, a]. Expansion
yields 1 = [b, a]2[b, a, a][b, a, b]. Observing (5.8.1) yields [a, b, a] = 1. Thus
[x, y, z] = 1 for all x, y, z ∈ {a, b, c} with the possible exception of [a, b, b].
Now a4 ∈ Z(H) implies [b, a4] = 1. Expansion using (3.1.1) and the above
lead to [b, a]4 = 1. If [a, b]2 = 1, then [a, b, b] = 1 by (5.8.1), contradicting
that the class of H is precisely 3. Thus γ3(H) = 〈[a, b, b]〉.

We claim now that [a, c][a, b, b] 6∈ K(H). By Lemma 5.7 and (5.8.1), this
is equivalent to showing that the following system of congruences has no
solution:

(5.8.2)


αβ′ − α′β + 2Γ ≡ 2 mod 4,

αγ′ − α′γ ≡ 1 mod 2,

βγ′ − β′γ ≡ 0 mod 2,

where Γ = β′δ − βδ′ + αββ′ − α′ββ′ + α
(
β′

2

)
− α′

(
β
2

)
. Assume otherwise

and suppose (5.8.2) is solvable. It follows that the above system is solvable
modulo 2, resulting in the following system

(5.8.3)


αβ′ − α′β ≡ 0 mod 2,

αγ′ − α′γ ≡ 1 mod 2,

βγ′ − β′γ ≡ 0 mod 2.

It can be verified that (5.8.3) is solvable if and only if β′ ≡ β ≡ 0 mod 2.
We have to show that none of these solutions modulo 4 satisfies the first
congruence of (5.8.2). The one solution β′ ≡ β ≡ 0 mod 2 results in four
solutions modulo 4, namely β ≡ 0 or 2 mod 4 and β′ ≡ 0 or 2 mod 4,
respectively. For any of these four cases, the left side of the first congruence
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of (5.8.2) is congruent to zero modulo 4. We conclude that (5.8.2) is not
solvable. �

We now show that the above class of groups contains a group of order 27.

Corollary 5.9. There exists a group G of order 27 such that K(G) 6= G′.

Proof. Consider the abelian group W = 〈u〉 × 〈u〉 × 〈u〉, where u has order
4 and v and w each have order 2, thus |W | = 24. The group G will be
constructed by three split extensions starting with W . Let B = W o 〈b〉 be
the semidirect product of W with the cyclic group 〈b〉 ∼= C2, where b induces
an automorphism of order 2 on W . The action of b on the generators of W
is given as follows:

(5.9.1) [u, b] = u2 and [v, b] = [w, b] = 1.

The defining relations of B are those of W , (5.9.1), and b2 = 1. We observe
|B| = 25.

Next let C = Bo〈c〉 be the semidirect product of B with the cyclic group
〈c〉 ∼= C2, where c induces an automorphism of order 2 on B. The action of
c on the generators of B is given as follows:

(5.9.2) [u, c] = [v, c] = [w, c] = 1 and [b, c] = w.

The defining relations of C are those of B, (5.9.2), and c2 = 1. We observe
|C| = 26.

Finally, let G = C o 〈d〉 be the semidirect product of C with the cyclic
group 〈d〉 ∼= C2, where d induces an automorphism of order 2 on C. The
action of d on the generators of C is given as follows:

(5.9.3) [u, d] = u2, [v, d] = [w, d] = 1, [b, d] = u, and [c, d] = vw.

The defining relations of G are those of C, (5.9.3), and d2 = 1. We observe
|G| = 27.

The verification of the claims leading to the construction of G is straight-
forward but lengthy and is left to the reader. Next we show W = G′. We
observe G′ ≤ W , since G/W = 〈bW, cW, dW 〉 ∼= C2 × C2 × C2, and so
G/W is abelian. On the other hand, u = [b, d] ∈ G′, w = [b, c] ∈ G′, and
v = [c, d][b, c] ∈ G′. It follows W = 〈u, v, w〉 ≤ G′. We conclude W = G′.
Furthermore, γ3(G) = 〈u2〉 and γ4(G) = 1. Hence G has class 3 precisely.

To apply Proposition 5.8 we choose new generators for G, namely G =
〈a, b, c〉 with a = db. We have u2 = [b, d, b] = [b, a, b]b. If follows [a, b, b] =
u2. Now u = [b, d] = [b, a][b, a, b]. This together with the above leads to
[a, b] = u. Furthermore, [b, c] = w and v = [c, d][b, c]. This together with
expansion and the relations of G leads to v = [c, a]b. We conclude v = [a, c].

It remains to show that G = 〈a, b, c〉 satisfies the assumptions of Propo-
sition 5.8. Since [w, x] = [v, x] = 1 for x ∈ {b, c, d}, it follows [b, c], [a, c] ∈
Z(G). Now b2 = c2 = d2 = 1 imply b2, c2, (ab)2 ∈ Z(G). Furthermore,
1 = d2 = (ab)2 = a2[a, b]b2 = a2u. If follows a4 = u2, and thus a4 ∈ Z(G).
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We conclude that G satisfies the assumptions of Proposition 5.8, hence
G′ 6= K(G). �
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